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' Abstract 

o ; 

, We consider the solution to the parabohc Anderson model with homogeneous initial 

^ ' condition in large time-dependent boxes. We derive stable limit theorems, ranging over 

O i all possible scaling parameters, for the rescaled sum over the solution depending on the 

' growth rate of the boxes. Furthermore, we give sufficient conditions for a strong law of 
. . large numbers. 
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^ ■ 1 Introduction 

> 
oo 

Tjj- ■ 1.1 The problem 

OO ; 

■>!::;j- , The parabolic Anderson model (PAM) is the heat equation on the lattice with a random 

^ ' potential, given by 

o ■ 



^u{t, x) = KAu{t, x) + (,{x)u{t, x), {t, x) G (0, oo) x Z'^, 

u{0,x) = Uo{x), X G Z'^, 



dt 



(1) 



^ I where k > denotes a diffusion constant, uq a nonnegative function, and A the discrete 

^ ■ Laplacian, defined by 

\x-y\i=l 

Furthermore, ^ := G Z^} is an i.i.d. random potential. We will stick in this paper to 

the homogeneous initial condition uq = 1- 
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The solution u depends on two effects. The Laplacian tends to make it flat whereas the 
potential causes the occurrence of small regions where almost all mass of the system is located. 
The latter effect is called intermittency. It turns out that it becomes the more dominant the 
more heavy tailed the potential tails are. 

Basically, there are two ways of looking at the solution. On the one hand one can pick 
one realisation of the potential field and consider the almost sure behaviour of u. This is 
the so called quenched setting. On the other hand one can take expectation with respect to 
the potential and consider the averaged behaviour of u. This is the so-called annealed setting. 
Expectation with respect to ^ will be denoted by (•), and the corresponding probability measure 
will be denoted by P. Those realisations of ^ that govern the quenched behaviour of u differ 
heavily from those that govern the annealed behaviour, see [GMOOj . Therefore, it is interesting 
to understand the transition mechanism from quenched to annealed behaviour. 
To this end we are interested in expressions such as ExsQ '^^ere Q is a large centred 

box. If Q has a fixed size then ExgQ follows quenched behaviour as t tends to infinity. 

This can be deduced from the Feynman-Kac representation of u given by 

=E^exp|y' ^{Xs) ds|no(Xt), {t,x) G [0, oo) x 

where X is a simple, symmetric, continuous time random walk with generator kA and (E^,.) 
denotes the corresponding probability measure (expectation) if Xq = x a.s. 
On the other hand, if we fix t and let the size of Q tend to infinity then (due to the homogeneous 
initial condition) by Birkhoff 's ergodic theorem Ea;eQ ^(^' displays annealed behaviour 
almost surely. Therefore, a natural question is what happens if the box Q is time dependent. 
More precisely, we want to find for all a G (0, 2) a large box QL^{t), with Qr(t) = [~'^(^)) ''(^)]'^l^ 
U^, for any r{t) > 0, and numbers A[t),Ba{t) such that 



E 



n(t,x) - A{t) t^oo 



Beit) 

with a suitable stable distribution. 

In the case k = 0, i.e. if the solutions at different sites are independent, the problem has been 
addressed in |BABM05] under the assumption that the logarithmic tail of the distribution 
is normalized regularly varying. A wider class of disributions was considered in |B06| . In 
|J10| a conceptual treatment of several classes of timedependent sums is offered, in particular 
explaining the universality of the limit laws in different cases. In |BABM05| the authors also 
give sufficient and necessary conditions on the growth rate of Q for a weak law of large numbers 
(WLLN) and for a central limit theorem (CLT) to hold. Corresponding results for a WLLN 
and a CLT for the PAM were derived in |BAMR05| and in |BAMR07| . They state that, under 
appropriate regularity assumptions, there exist J(f) and 71 < 72, all depending on the tails of 
^, such that: 

i) iQ ^ ^ I ^ u{t,x) ~ (n(t, 0)), as t — )• 00 if 7 > 7i, in probability. 
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^ n(t, x) = o {{u{t, 0))), as t — 7- 00 if 7 < 7i, in probability. 
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^ u{t,x) ("(| 0))^ _ as t — )• oo if 7 < 72, in probability. 



Here, 7\A(0, 1) denotes the law of the standard normal distribution with variance 1. 
However, a-stable limits for the PAM have not been investigated so far. Furthermore, we give 
sufficient conditions on the growth rate of Q for a strong law of large numbers to hold. So far 
this has been done neither for the PAM nor for the k = case. 

For a general overview of the parabolic Anderson model see for instance [M94| and |GK05| . 
A WLLN and a CLT for the PAM with time-dependent white noise potential using rather 
different techniques can be found in [CM07J . Similar questions concerning a version of the 
random energy model were investigated in |BKL02] . 

1.2 Main results 

To state the main results we need to introduce some notation. Let 

^{h) :=-logP(4(0) >/i) 

and ht being a solution to 

sup {th — (p{h)) = tht — (f (ht) . 

he(0,oo) 

If ip is ultimately convex then ht is unique for any large t. Throughout this paper we will 
assume that ^(0) is unbounded from above and has finite exponential moments of all orders. 
Under these circumstances the left-continuous inverse of </?, 

tp{s) := min{r: ip{r) > s} , s > 0, 

is well defined. Furthermore, this implies that the cumulant generating function 

H{t) := log {exp{tm}), * > 0, 

is well-defined and that H{t) < oo for all t with limt^oo H{t)/t = oo. If G is ultimately 
convex and satisfies some mild regularity assumptions then the Laplace method yields that 
H{t) = tht — ^(ht) + o{t). In the sequel we will frequently need the following regularity 
assumptions. 
Assumption F: 

There exists p G [0, oo] such that for all c G (0, 1), 

lim [Tp{ct) — Tp{t)] = pclogc. 

Assumption H: 

There exists p G [0, oo] such that for all c G (0, 1), 

lim - [H{ct) — cH{t)] = pclogc. 

t— >-oo t 

In |GM98t Theorems 1.2 and 2.2] the authors prove that there exists x = x{p) ^ [0, 2dK,] such 
that 



logu{t,0) _ 



eA-X + o{l), a.s., (2) 
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with = sup{^(x) : x G A}, if Assumption F is satisfied, and 

log(n(t,Or) H{pt) 



t 



PX + o{l), pGN, (3) 



if Assumption H is satisfied. Notice that Assumption F imphes Assumption H. Furthermore, 
it turns out that x = x{p) is strictly increasing in p with x(0) = ^^'^ = '^dn. For 

details see [GM98]. 

Prominent examples satisfying Assumption F are the double exponential distribution, i.e. 
P(X > x) = exp{— expjx/p}}, x > 0, for p S (0, oo) and the Weibull distribution, i.e. 
F(X > x) = exp{— x"^}, X > with 7 > 1 for p = 00. 

For a £ (0, 2) let J^q, be the a-stable distribution with characteristic function 



Moreover, let 



'exp{-r(l - a)|u|°exp{^signw}} , a / 1, 

exp {m(l — 7) — f |u| (1 + 27ri log \u\ signii-)} , a = 1. 



La{t) := exp{ip{hat)} and ^^(t) := exp{t ■ {hat - X + o{l))}, 
where the error term of Ba{t) is chosen in suitable way. Then we find our main result: 

Theorem 1 (Stable limit laws). Let Lp £ C"^ he ultimately convex and Assumption F be 
satisfied. Then for a G (0, 2), 

E u{t,x) - A{t) t^oo J. 



with 

A{t) 

Furthermore, we find: 



0, if a £(0,1), 

(n(t,0)), tfa£{l,2), 

^{u{t,0)lu(t,o)<B^{t)) , ifa = l. 



Theorem 2 (Strong law of large numbers). Let Assumption H be satisfied, and r{t) be so 
large that limt_>.oo j(log — H{2t) + 2H{t)^ > then for every sequence (tn)neN satisfying 

exp{-tn} < 00, 



a.s. 



Notice that the necessary growth rate of Q for a WLLN to hold is the same as in Theorem [T] 
for a = 1 and that the necessary growth rate of Q for a CLT to hold corresponds to a = 2, see 
[BAMR07] . The growth rate in Theorem [2] is of the same order as in the CLT case. Notice, 
that Theorem[T]is closer to the i.i.d. case than to the case of a random walk among random ob- 
stacles as considered in [BAMROSt Theorem 3] where the limiting distributions are not stable 
laws, but infinite divisible distributions with Levy spectral functions that are not continuous. 
It seems as if the discrete character of the random walk is more decisive for that model than 
for ours which can be reduced to the i.i.d. case by virtue of an appropriate coarse-graining. 
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To get a feeling for the numbers involved we give them for the two examples mentioned above 
in the table below. 



Distribution 


<fi{x) 


log Lc{t) 


log S«(t) 


Weibull 


x"^, 7 > 1 




/ A 1/(7-1) 

t If] - 2dKat + o{t) 


Double-exponential 


exp{x/p} 


pat 


tp log pat — x{p)(^t + o(t) 



Notice that in the Weibull case we have 

1 



log B^{t) = - (log (n(t,0)") +log|Qi^(t)|) +o(t), 



see |GS11| . Because of ([3]) and our considerations in Section [2] this relationship seems to be 
true in the double exponential well. 



2 Stable limit laws 



Let us explain our strategy of the proof of Theorem [TJ We decompose the large box QL^{t) into 
boxes Q 



(t) 

l\QLc,{t)\/\Ql{t)\\ of much smaller size. In each subbox we approximate 

^^^y In this way, we reduce 
the problem to the case of i.i.d. random variables. A spectral representation shows that 



'Z(t)' * ~ ^' 

u by It''', the solution with Dirichlet boundary conditions in Q^'^ 



^ (i) u'-^^{t, x) can be approximated by e* i , where A-^ is the principal Dirichlet eigenvalue 



of A + ^ in Q^^^^. Then a classical result on stable limits for sums of t-dependent i.i.d. random 
variables yields the result. 

Note that we cannot apply the results of [BABMOS] since they require the function ip to be 
normalized regularly varying, which is for instance not true in the important case of double- 
exponential tails. An alternative approach could be to adopt the techniques from [B06j. 

Let us turn to the details. We first work on the and show in the end how to approximate 
u by n''\ We assume that Q^^j-j are translated copies of Q^t)- We consider the solution u^'^ 



to the PAM in Qj^'^-j with Dirichlet boundary conditions, i.e. ^(x) 



oo for all X ^ 

The 



where l{t) = max{t^ log^ t, -ff(4t)}. The corresponding Laplacian will be denoted A*^ 

Q 

Feynman-Kac representation of u''' reads 



(0 ■ 

i(t) 



,(0 



{t,x)=E^exp{ / ^{Xs)ds}lr 



{t,x) £ [0,oo) X 



By Tjj := inf{t > 0: Xf £ U} we denote the first hitting time of a set [/ by a random walk 
Af^ . I be the order statistics of the eigenvalues of the Anderson Hamiltonian 



X. Let X^;\ 



lQi(t)\ 



AO +e and e«,--- ,e 
following spectral representation 



\Qm\ 



be the corresponding orthonormal basis. Then we have the 



\Qi{t)\ 



(x)e«(y), tG[0,oo). 



(4) 



m 



x,y£Q 



{») fc=l 

l(t) 



For simplicity we have suppressed the time dependence of the eigenvalues and eigenvectors 
that arises because the boxes are time dependent. From Parseval's inequality, the fact that 
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l{t) is of subexponential order and the proof of Theorem 2.2 in |GM98| it fohows that there 
exists e^"'(t) = e^'\^,t) = o(l) such that 

u'^'\t,x)= e*^*'' , where = /xf ^ = A^'^ + {t) . 

Sometimes we will write /ij instead of fj^j, Ai for A^'' and e(t) for e^''(t). 

Remark. The above already implies that for logr(t) = o(i?(i)) the quenched setting is promi- 
nent in the following sense, 

^ognML_ 
imi - - - — 1, a.s. 

i-5-oo log 2^ u[t, X) 

a;GQr{t) 

In the next lemma we show how the distributions of fit and ^(0) are linked. 

Lemma 3. Let Assumption F be satisfied. Then for all functions h with lim \Qi(t)\^(^{0) > 

h{t)^ = there exists e{t) = £{S,,t) = o(l) such that, 

pU > h{t)) ~ |Qi(i)|P(e(0) > h{t) + X - e{t)) , t^oo. 



Proof. In jGM98| Proof of Theorem 2.16] the authors show that the first eigenvalue of ^q^^^^ +C 
satisfies 



with e{t) = e{^,t) = o(l). Let 
Then 



e{t) ■.= e{t)+e{t). 



P[f,t > hit)) = P(C« > hit) + X - sit)) 



\Qi{t)i 

1- ( 1-P(C(0) >/i(t)+x-e(t)' " 



~ 1 - exp { - |Q,(t)|P (e(0) > hit) + x- eitf^ 
~ |Q/(t)|p(e(0) > hit) +x- , t^oo. 

In the third line we use L'Hopital's rule. □ 

Let 

^t(x) = - log P (/it > x) , 

and ht = ht + X ^ ^(1), where the error term is chosen in a suitable way. In particular it is 
chosen such that if (ft is ultimately convex then hf is the unique solution to 

sup ith - iftih)) = tht - ift (ht) ■ 
he(0,oo) ^ ^ 

Then, an application of the Laplace method yields 

oo 

{uit,0)) ~ (nW(*,0)> ~t [ exp{th - ^ih)} dh = exp{[tht - ipiht)]il + oil))}. 
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The first asymptotics follow from [GSIH Proposition 7]. Hence, we obtain together with 
Lemma [3] that 

log B^{t) = tKt = ^ (log {u{t, 0)") + log (1 + 0(1)) . 

To prove convergence of V. u) (e*'^* — A{ty) / Ba(t), as f ^ oo, to an infinitely 

divisible distribution with characteristic function equal to 



0(n) = exp|ian-^+ j (^e*- _ l _ -_^J dL(x) |>, (5) 

|x|>0 

we have to verify the following condition (see |P75l Chapter IV]). 
Condition P : 

i) Condition of infinite smallness: 

lim max P — > e = 0, e > 0. 

i-i>oo .. ^(i) ^ \Ba[t) I 

ii) In all points x of continuity, the function L satisfies: 



\QL^it)\ 



L{x) = - lim TTTT > X 



e' 



iii) The constant o"^ satisfies: 



2 y \QL^(t)\ ,, / 
a =hmlimsup— r^3Lr[———l^^ 

r-s-O t-^oo \Ql{t)\ \Ba[t) s^^^ 



e 



= lim liminf — — Varl — 1 tt^t 

iv) For every r > the constant a satisfies: 

^ T OO 

Or 

Items i) and ii) will follow from the next lemma, and iii) and iv) from the next proposition. 
Lemma 4. Let Assumption F be satisfied and Lp ^ C"^ he ultimately convex. Then 

\Qi{t)\ V * i J 

Proof. Lemma [3] and a first order Taylor expansion yield 

p(^, > + !2£f ) . |Q„„|p(«(0) > + ^f!; + X + .«)) 

= exp { log |Q„.,| - ^(J5i|^ + , + „(1)) - ^'(!2£££W + + + om\ 
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Since Lp is ultimately convex and ^ is unbounded from above we find that <~p"{ha.t) = ^/^'at — 
o{t^). From this we can conclude that the error term in the Taylor expansion above vanishes 
asymptotically. Moreover, by our choice of l{t) and Ba{t) it follows that 



i^^^+X + o(l)) and lim 
t I t^oo 



,1 logga(t) 



?^ + x + o(i)) 



a. 



□ 



Proposition 5. Let Assumption F be satisfied and (p £ C'^ be ultimately convex. Then, for 
any r > 0, 



i) if p > a then 



a) if p < a then 



Hi) if p = a then 



lim 



\Qi{t)\ \Ba{t)p -km-^/ p-a 



a 



\Qi{t)\ \Ba{t)P 5^>^/ a-p 



a 



p-a 



p-a 



l<3i(f)l \B„(t)P V'-SttS' "-bSiiS' 
Proof. i) Integration by parts yields 



Q log T. 



_ logjr 



B^-^ / J 



J^px—ip{x) 



x=0 



hat + 



log T 



+ pt / e*P^-^(^) dx. 





Here denotes the tail distribution function of iXf Similarly as in the proof of Lemmad] 
we find with the help of a first order Taylor expansion of that uniformly in r, 



Substituting x = hat + ^-^^¥^u for r 7^ 1 we find that 



,n(p-a)logr^^ 



pt j e*^'^-^(^)dx~e?'*^'^*-'^('^"*Vlogr / e" 

— oo-signlogT 

__P_^that-v(hat) + {p-a)\ogT ^ _^ ^ 

p — a ' 



1 

/ 



Altogether this proves the claim. 
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ii) and iii) follow similarly. 



□ 



Overall we find: 

Theorem 6. Let Assumption F be satisfied and ip ^ C'^ be ultimately convex. Then for 

A{t) t^oo 



E 



Bait) 



with 



A{t) 



0, 



ifa£ (0,1), 
if a £(1,2) 
if a = 1. 



Proof. Since the u**' are i.i.d., the /i^*' are as well. Hence, we have to check the four points of 
Condition P. Items i) and ii) follow from Lemma 21 We find that L{x) = x~". It follows from 
Proposition [5] that o"^ = 0. Furthermore, Proposition [5] together with [BABM051 Proposition 
6.4] yields the constant a from which we can deduce (p. The stability of the limit law follows 
from |P75l Theorem IV. 12] since = and L{x) = x^". □ 

Remark. An infinitely divisible law with characteristic function as in ([5]) is stable if and only 
if either L = or cr^ = and L{x) = ex-"", c> 0, a G (0, 2), see [P75l Theorem IV.12]. 

We extend the functions u''' to a function u: QLa{t) ~^ [OjCo) by putting u{t,x) = ti'''(t,x) 

il{t)- 



for X G QS^Iv Now it remains to show that 



^ uit,.)-Ait) 



E 



Bait) 

u{t,x)-A{t)/\Qnt)\ 

Bait) 



E 



i- Ql(')CQLc,(t) 
have the same a-stable limit distribution. 



exp{t/xf'} - Ait) 
Kit) 



To this end let I^r 




Notice that 



n(t, x) - ^(t, x) = exp <^ /^(Xs)ds>l^ 



<t, 



it,x) G [0,oo) X Q^'^ 



i{ty 



In the next lemma we show that those paths of the random walk in the Feynman-Kac formula 
that start in Xt and leave up to time t are asymptotically negligible. 
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Lemma 7. Almost surely, 

lim sup E^expl (,{Xs)ds}lr, .c<t = 0. 

Proof. We find that 



sup E^. exp< ^{Xs)ds>lr 



(Qut)) - 



<exp|i^sup^C(x)jPo(r(^,^^,/^)=<t 



< 2'^' exp ^ . o(log ) - log (^^) \ 0. 



In the last inequality we use |GM98[ Lemma 2.5 and Corollary 2.7]. 
Lemma 8. For all e > 0, 

i) if a & (0, 1] then 

}^^[b^) ^ Ht,x)-u{t,x)]>e\=0. 

ii) if a £ [1, 2) then 



lim P 



2^ [M(t,a;) - (n(t,x)) + > e ) = 0. 



zzzj if a = 1 then 

Hm P f V ^) ~ ("(^' ^)l«(t,x)<-Ba W) ~ ^(^' ^) + (^(^' ^)lg(f,a;)<B„(t)) 

ti™ i ^ Bjt) ^ ^ 

Proof. i) From Lemma [7] and the fact that \It\ < Ba{t) for all t it follows that for t — > 

^(wit) ^ u{t,x) -u{t,x) > e] ^Fl^^^uit,x) -u{t,x) > eV 

By the definition of Ba{t) and by Markov's inequality it follows that 

u{t, x) 



> e 



< 



a 1 

1 \ V x&X^ 



'e^ |QL„(i)|(n(t,0) 
1 \QL^{t)\ (^(t,0)") Q 

\It\ \QL^it)\{u{t,^y' 
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ii) Similarly as in case i) we find that asymptotically 
PI 



\~R~77\ Yl [u{t,x)-{u{t,x))-u{t,x) + {u{t,x))]>e] 



E u{t,x) 
1 \\xei^ , I 



Furthermore, we have 

J2 u{t,x) 



^( ( (^(*'^)^+ u{t,x)u{t,y)+ Yl u{t,x)u{t,y)^^ ^ 



\x-y\<lit)/t \x-y\>l{t)/t 

< mil - i/t)\ {u{t,xr) + {Ht,^Ht,y)) 

x(^X^ x,yS:X^: 

\x-y\>l{t)/t 



.a/2 



The first summand can be treated as in case i) whereas the second summand can be 
treated similarly as in the proof of Lemma [9l 

iii) follows analogously. 

□ 

Now we are able to prove Theorem [TJ 

Proof of Theoremm We only consider the case a £ (0, 1). The other cases follow similarly. It 
follows from Lemma [8] that for every e > 0, 



lim P ( V 

t->-OD \ ^ 



Bait) 



> £ = 0, 



while Theorem [6] states that under the same conditions as in Theorem [H 

Bait) =^ 

Therefore, the claim follows from Slutzky's theorem. □ 

Remark. We expect that a similar result as Theorem [1] with the same stable limit distribu- 
tion also holds for potential tails that are bounded from above as considered in |BK01| and 
[HKM06] . However, since in that case we do not have such a close link between between 
and we cannot determine the distribution of /it and therefore Lait) = — logP(/it > ht) 

cannot be made as explicit as under Assumption F. 
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3 Strong law of large numbers 



Recall that l{t) = max{i^ log^ t, H{4t)} and that x + Qiu) is the lattice box with centre x and 



sidelengtli l{t). 

Lemma 9. Let Assumption H be satisfied and r{t) be chosen as in Theorem\^ then 
J. 1 ( {uit,x)u{t,y)) 



\x-y\>2l(t) 



Proof. For t > and x G Qr{t) let 



and 



it(t,x,y) = Eaj^^exp I J ^(X^)ds|exp| J ^(F^) dsj l^x^^ 



where X and y are two independent random walks starting in x, y, respectively, Kx^y is 
their joint expectation, and , t\ are their exit times from a set A C Z*^, respectively. If 
|x — y| > 2l{t) then n'^^(t, x) and u'-^^(t,y) are independent, and hence 

/ {u{t,x)u{t,y)) ^ {u{t,x,y)) 

|x-?yl>2i(t) \x-y\>2l(t) 

Holder's inequality and |GM90| Lemma 2.4 and Theorem 3.1] yield for all x,y £ Qr(t) \ Ql{t)i 



Ht,x,y)) <y(n(t,0)4)2P,.(r(,+Q,(^,)c <t) 

< exp I - l{t) log l{t) + ait) \ 0. 



□ 



Proof of Theorem\^ By Chebyshev's inequality we find that for every s > 0, 

■'-tVr(t„) 



< 



12 



As t tends to infinity it follows with Lemma [9] that 



Var 




{u{t,0)) 



u{t, x) 



1 



) 



) 



2 f {u{t,x)u{t,y)) _ \ 




\x-y\<2lit) 



1_ ^ / (n(t,0)n(t,x)) \ 




< 



\Qi(t)\ {u{t,Of) 

\Qr{t)\ {u{t,0)f 

exp{-log\Qrit)\+H{2t)-2H{t) + o{t)}. 



The last asymptotics are due to Q. Now the claim follows because for our choice of r{t), 
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